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We discuss the different types of decomposition of the proton spin. We stress that,
despite their lack of uniqueness, the Chen et al. and Wakamatsu decompositions are
perfectly measurable. We argue that a large part of the recent controversies boils down
to the fact that there actually exist two types of gauge transformations in the Chen et
al. approach, where physical and gauge degrees of freedom of the gauge potential are
explicitly separated. By carefully distinguishing these two types of gauge transformations,
one can easily understand how the concepts of gauge invariance, Stueckelberg symmetry,
path dependence and measurability are linked to each other.
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1. Introduction
The problem of decomposing the proton spin into quark/gluon and spin/orbital an-
gular momentum (OAM) contributions has been revived a few years ago by Chen
et al.1,2. By separating explicitly the gauge degrees of freedom from the physi-
cal ones, they challenged the textbook knowledge3,4,5,6 in providing a complete
gauge-invariant decomposition. This approach triggered many new developments
and reopened old controversies regarding the measurability and the physical inter-
pretation of the different contributions.
In this proceeding, we summarize the situation and argue that a large part of
the controversies can in fact be resolved once the concepts and requirements are
made clear. In section 2, we briefly present the four main different types of pro-
ton spin decompositions. In particular, we show for the first time that the gluon
kinetic/Wakamatsu OAM can be put in a form “r × p”. In section 3, we review
the approach proposed by Chen et al. and discuss the issue of its non-uniqueness
resulting from the Stueckelberg symmetry of the original Lagrangian. We show in
particular in section 4 that this Stueckelberg symmetry simply originates from the
possibility of treating differently active and passive gauge transformations in the
Chen et al. approach, owing to the presence of background fields like in General
Relativity. In section 5 we argue that measurable quantities are not necessarily in-
variant under Stueckelberg transformations. Indeed, the Chen et al. approach turns
out to be simple procedure for constructing non-local gauge-invariant extensions
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of gauge non-invariant quantities. The Stueckelberg dependence can therefore be
interpreted as a generalization of the path dependence of non-local gauge-invariant
quantities. Following these observations, we propose in section 6 to sort measur-
able quantities into two categories according to their behavior under Stueckelberg
transformations, allowing one to reconcile contradictory claims in the literature. In
particular, the status of the different proton spin decompositions is commented.
Finally, we conclude with section 7.
2. The decompositions in a nutshell
There exist essentially four types of proton spin decompositions into quark/gluon
and spin/OAM contributions7. We refer to them as the Jaffe-Manohar5, Ji6, Chen
et al.1,2 and Wakamatsu8,9 decompositions. They are respectively given by
JQCD = S
q
JM +L
q
JM + S
g
JM +L
g
JM, (1)
= SqJi +L
q
Ji + J
g
Ji, (2)
= SqChen +L
q
Chen + S
g
Chen +L
g
Chen, (3)
= SqWak +L
q
Wak + S
g
Wak +L
g
Wak. (4)
In the quark sector, all the decompositions agree on the spin contribution
S
q
JM = S
q
Ji = S
q
Chen = S
q
Wak =
∫
d3xψ† 12Σψ. (5)
but give different definitions for the OAM
L
q
JM =
∫
d3xψ†(x× 1
i
∇)ψ, (6)
L
q
Ji = L
q
Wak =
∫
d3xψ†(x× iD)ψ, (7)
L
q
Chen =
∫
d3xψ†(x× iDpure)ψ, (8)
where the covariant derivative is given by D = −∇ − igA. In the Chen et al.
decomposition, one assumes that the gauge potential can be written as a sum of
two termsA = Apure+Aphys (see next section) and defines accordingly a pure-gauge
covariant derivative as Dpure = −∇− igApure.
In the gluon sector, the spin contributions read
S
g
JM =
∫
d3xEa ×Aa, (9)
S
g
Chen = S
g
Wak =
∫
d3xEa ×Aaphys, (10)
where a is an adjoint color index A = Aata with 2Tr[tatb] = δab, and the OAM
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contributions read
L
g
JM =
∫
d3xEai(x×∇)Aai, (11)
L
g
Chen = −
∫
d3xEai(x×Dabpure)A
bi
phys, (12)
L
g
Wak = L
g
Chen −
∫
d3x (D ·E)a x×Aaphys, (13)
where the ordinary and pure-gauge covariant derivatives in the adjoint represen-
tation are given by Dab = −∇ δab − gfabcAc and Dabpure = −∇ δ
ab − gfabcAcpure,
respectively, with [ta, tb] = ifabctc.
As one can easily see, the Chen et al. and Wakamatsu decompositions simply
differ in the attribution of the potential OAM to either quarks or gluons
Lpot = −
∫
d3x (D ·E)a x×Aaphys = L
g
Wak −L
g
Chen = L
q
Chen −L
q
Wak, (14)
where the QCD equation of motion (D · E)a = gψ†taψ has been used in the last
equality. The only difference between the Ji and Wakamatsu decompositions is that
the Ji decomposition does not provide any splitting of the total gluon angular mo-
mentum into spin and OAM contributions
J
g
Ji = S
g
Wak +L
g
Wak =
∫
d3xx× (Ea ×Ba). (15)
Dropping a surface term, we find the following compact expression for the gluon
OAM in the Wakamatsu decomposition
L
g
Wak =
∫
d3xx× [(Aphys ×Dpure)
a
×Ea], (16)
where Dpure =
1
2 (D +Dpure). This expression has the form of an OAM term since
the kinetic gluon momentum can be written as
P
g
kin =
∫
d3xEa ×Ba =
∫
d3x (Aphys ×Dpure)
a
×Ea, (17)
where a surface term has also been dropped.
3. The Chen et al. approach
Both the Chen et al. and Wakamatsu decompositions make use of a splitting of the
gauge potential into pure-gauge and physical terms1,2,7,8,9
Aµ(x) = A
pure
µ (x) +A
phys
µ (x), (18)
where, by definition, the pure-gauge term does not contribute to the field strength
F pureµν = ∂µA
pure
ν − ∂νA
pure
µ − ig[A
pure
µ , A
pure
ν ] = 0 (19)
and transforms as
Apureµ (x) 7→ A˜
pure
µ (x) = U(x)[A
pure
µ (x) +
i
g
∂µ]U
−1(x) (20)
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under gauge transformations. As a consequence Apureµ (x) can be written as a pure-
gauge term
Apureµ (x) =
i
g
Upure(x)∂µU
−1
pure(x), (21)
where Upure(x) is some unitary matrix with the gauge transformation law
Upure(x) 7→ U˜pure(x) = U(x)Upure(x). (22)
The physical term is responsible for the field strength
Fµν = D
pure
µ A
phys
ν −D
pure
ν A
phys
µ , (23)
and transforms like the latter under gauge transformations
Aphysµ (x) 7→ A˜
phys
µ (x) = U(x)A
phys
µ (x)U
−1(x). (24)
Interestingly, the matrix Upure(x) can be interpreted as a dressing field and used to
define gauge-invariant fields10,11 known as Dirac variables12,13,14
ψˆ(x) ≡ U−1pure(x)ψ(x), (25)
Aˆµ(x) ≡ U
−1
pure(x)[Aµ(x) +
i
g
∂µ]Upure(x) (26)
with Aˆµ(x) = Aˆ
phys
µ (x) and Aˆ
pure
µ (x) = 0.
The main problem with the Chen et al. approach is that the splitting of the gauge
potential is not unique. Indeed, starting from a given splitting (18), one can easily
construct a new splitting Aµ(x) = A¯
pure
µ (x)+A¯
phys
µ (x) satisfying the conditions (19)
and (20) as follows
A¯pureµ (x) = A
pure
µ (x) +Bµ(x),
A¯physµ (x) = A
phys
µ (x) −Bµ(x),
(27)
where Bµ(x) =
i
g
Upure(x)U
−1
S (x)[∂µUS(x)]U
−1
pure(x) with US(x) a gauge-invariant
matrix. Because of the similarity between the Chen et al. approach and the Stueckel-
berg mechanism, the transformation φ(x) 7→ φ¯(x) is referred to as the Stueckelberg
transformation7,15. Note also that while gauge transformations act on the left of
Upure(x), see Eq. (22), Stueckelberg transformations act on the right
U¯pure(x) = Upure(x)U
−1
S (x). (28)
In this approach, the physical term is treated as a dynamical variable, while the
pure-gauge term plays the role of an external, auxiliary, non-dynamical variable. One
can then interpret Apureµ (x) and Upure(x) as background fields
11,16. Stueckelberg
dependence is therefore simply background dependence.
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4. Active and passive gauge transformations
By construction, the Chen et al. and Wakamatsu decompositions are formally gauge
invariant albeit not unique, since they are obviously not invariant under Stueckel-
berg transformations. This lack of uniqueness is often considered as a signature that
the Chen et al. approach is not really gauge invariant in the textbook sense. Such
a statement is however pretty confusing and requires some clarification17.
Usually, one does not specify whether gauge transformations have to be consid-
ered as active or passive transformations. The reason is that such a distinction is
impossible to make as long as one deals with dynamical fields only. One is free to
adopt her favorite point of view. Particle physicists often consider gauge symmetry
as a mere redundancy of the mathematical formalism, and so gauge transformations
are implicitly thought of as passive transformations. There is indeed in principle no
way to experimentally fix or determine a gauge. On the other hand, mathemati-
cians usually think of gauge symmetry as a property of the system, and accordingly
consider gauge transformations as active transformations.
The situation changes however once a background field is introduced into the
game18,19,20,21. Passive gauge transformations simply change the coordinate axes
in internal space, and therefore affect in the same way dynamical and background
fields. Active gauge transformations change the fields themselves, but treat differ-
ently dynamical and background fields.
Since in the Chen et al. approach the background field Upure(x) is assumed to
transform in the same way as the fermion field ψ(x), the gauge transformations
considered by Chen et al.
Aµ(x) 7→ A˜µ(x) = Up(x)[Aµ(x) +
i
g
∂µ]U
−1
p (x), (29)
ψ(x) 7→ ψ˜(x) = Up(x)ψ(x), (30)
Upure(x) 7→ U˜pure(x) = Up(x)Upure(x), (31)
correspond actually to passive gauge transformations. To stress this, we have added
an index p to the gauge transformation matrix U(x). We observed that one could
have considered instead a different type of gauge transformations22
Aµ(x) 7→ Aˇµ(x) = Ua(x)[Aµ(x) +
i
g
∂µ]U
−1
a (x), (32)
ψ(x) 7→ ψˇ(x) = Ua(x)ψ(x), (33)
Upure(x) 7→ Uˇpure(x) = Ua(x)Upure(x)U
−1
a (x). (34)
Clearly, these gauge transformations treat differently the fermion field ψ(x) and the
background field Upure(x), and correspond therefore to active gauge transforma-
tions. To stress this, we have added an index a to the gauge transformation matrix
U(x).
Now, combining an active gauge transformation with the corresponding inverse
passive gauge transformation Ua(x) = U
−1
p (x) ≡ US(x), we see that the gauge field
Aµ(x) and the fermion field ψ(x) remain unchanged, while the background field
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Upure(x) is changed
Aµ(x) 7→ Aµ(x), (35)
ψ(x) 7→ ψ(x), (36)
Upure(x) 7→ Upure(x)U
−1
S (x), (37)
which coincides with Eq. (28). We therefore see that Stueckelberg symmetry simply
reflects our freedom in treating differently passive and active gauge transforma-
tions in presence of a background field. This clarifies how gauge and Stueckelberg
symmetries are related to each other.
In order to avoid any confusion in the following discussions, instead of work-
ing with the set of active and passive gauge transformations, we work with the
equivalent set of Stueckelberg and (passive) gauge transformations.
5. Gauge symmetry, measurability and path dependence
We have seen that the Chen et al. and Wakamatsu decompositions are not unique. In
practice, one explicitly breaks the Stueckelberg symmetry by imposing an additional
condition on the physical term. For example, Chen et al.1,2 imposed the Coulomb
constraint∇ ·Aphys = 0 motivated by the famous Helmoltz decomposition of QED,
while Hatta23,24 imposed instead the light-front constraint A+phys = 0 with the aim
of making contact with the parton model of QCD. Contrary to e.g. Chen et al. and
Wakamatsu, our point of view is that there is a priori no fundamental argument
which determines what Stueckelberg-fixing constraint to use. Such a choice is only
dictated by reasons of convenience, just like the choice of a gauge.
Since the gauge symmetry is not physical, measurable quantities are necessarily
gauge invariant and gauge non-invariant quantities are not measurable. However,
it is perfectly possible that a gauge non-invariant quantity evaluated in a certain
gaugeG gives formally the same answer as some gauge-invariant quantity. The latter
can then be considered as a gauge-invariant extension (GIE) of the former25,26.
Strictly speaking, one does not measure gauge non-invariant quantities in a fixed
gauge, but only their GIEs. The GIE is usually a complicated non-local expression
with a priori no simple gauge-invariant interpretation. Only in the gauge G is the
interpretation simple because of the formal equivalence with a local gauge non-
invariant expression.
The archetypical example is the quantity27 ∆g =
∫
dx [g+(x) − g−(x)], where
gλ(x) is the PDF of gluons with polarization λ = ±1. Such a quantity is measurable
and has a complicated non-local gauge-invariant expression, but formally coincides
with the expectation value of the Jaffe-Manohar gluon helicity operator Sg,zJM in the
light-front gauge. In other words, ∆g is the light-front GIE of the expectation value
of Sg,zJM. This is what is actually meant when one carelessly says that the gluon spin
is measurable.
In the Chen et al. approach, one can always find a gauge such that the pure-gauge
term vanishes Aµ(x) = A
phys
µ (x): it suffices to consider the gauge transformation
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with U(x) = U−1pure(x). The Chen et al. decomposition can therefore be seen as a
GIE of the Jaffe-Manohar decomposition26. In particular, like the Jaffe-Manohar
operators, the Chen et al. operators satisfy the canonical commutation relations
and are generators of Poincare´ transformations. This boils down to the fact that
the Chen et al. approach allows one to reconcile the canonical formalism with gauge
symmetry11,28,29. Strictly speaking, the Jaffe-Manohar decomposition is not mea-
surable because it is gauge non-invariant. But seen as a fixed-gauge decomposition,
it can be considered to be measurable simply because there exists a corresponding
GIE in the form of a Chen et al. decomposition.
As mentioned earlier, GIEs have usually complicated non-local expressions. This
non-locality is simply hidden in the Chen et al. notation. Indeed, in many cases the
matrix Upure(x) consists in a simple Wilson line WC(x, x0) = P [e
ig
∫
x
x0
dsµAµ(s)],
where x0 is a fixed reference point and C is a path parametrized by s
µ(t). The
pure-gauge and physical terms can then be expressed as non-local functionals of the
gauge potential24,30
Apureµ (x) =
i
g
WC(x, x0)
∂
∂xµ
WC(x0, x), (38)
Aphysµ (x) = −
∫ x
x0
WC(x, s)Fαβ(s)WC(s, x)
∂sα
∂xµ
dsβ. (39)
By merely changing the path C, one changes the individual pure-gauge and physical
terms but not their sum. The Stueckelberg/background dependence can therefore
be understood as a kind of generalized path dependence.
6. Observables and quasi-observables
It follows from the discussions above that the measurable gauge-invariant quan-
tities can be sorted into two categories: the observables which are Stueckel-
berg/background/path independent, and the quasi-observables which are Stueck-
elberg/background/path dependent. Observables are gauge invariant in a strong
sense, i.e. under both passive and active transformations, which is what is usually
meant by “gauge invariant in the textbooks sense”. Quasi-observables are gauge in-
variant in a weak sense, i.e. under passive transformations only, which is sufficient
to be measurable.
Observables can be written in terms of local gauge-invariant operators and can
in principle be accessed experimentally without the need of a kinematical expansion
or factorization framework. On the contrary, quasi-observables cannot be written
in terms of operators that are at the same time local and gauge invariant. The
corresponding gauge-invariant operators are necessarily non-local while the corre-
sponding local operators are necessarily gauge non-invariant. They can only be
accessed experimentally provided that a suitable kinematical expansion or factor-
ization framework is available. It is indeed the latter that breaks the Stueckelberg
symmetry and determines the shape of the Wilson line to use. In QCD for example,
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the proton internal structure is probed in high-energy experiments. Factorization
theorems indicate that Wilson lines essentially run along the light-front direction31,
so that the natural Stueckelberg fixing constraint is A+phys = 0.
Cross-sections, charges and form factors are clear examples of observables while
parton distribution functions, which are path/scale/scheme-dependent, are typical
examples of quasi-observables. One might argue that observables are the only truly
physical quantities, but in our opinion this debate goes somewhat beyond physics
considerations and is not essential regarding measurability. Note also that some
observables can be obtained from quasi-observables. This is the essence of e.g. the Ji
relation6 that expresses the energy-momentum form factors A(0) and B(0) in terms
of particular moments of generalized parton distributions H(x, ξ, t) and E(x, ξ, t)
J
q,g
Ji =
1
2
[Aq,g(0) +Bq,g(0)] =
1
2
∫
dxx [Hq,g(x, 0, 0) + Eq,g(x, 0, 0)] . (40)
According to textbooks3,4, there cannot be any local gauge-invariant decompo-
sition of the gluon angular momentum into spin and OAM contributions. It does not
mean that they do not exist, but simply that they correspond to quasi-observables.
In the Ji decomposition, only observables are allowed. It follows that this decom-
position is unique, but fails in providing us with a decomposition of the gluon
angular momentum into spin and OAM contributions. Since measurability is the
only relevant criterion, one can in fact allow quasi-observables to be involved. Quasi-
observables can be expressed either in terms of local fixed-gauge operators like in
the Jaffe-Manohar decomposition, or as non-local gauge-invariant operators like in
the Chen et al. and Wakamatsu decompositions.
7. Conclusion
We presented and discussed the four main types of proton spin decompositions.
As many contradictory claims are spread in the literature, we aimed at a clarifica-
tion of the concepts and the terminology involved. We reviewed the main features
of the approach proposed by Chen et al., where the gauge potential is split into
pure-gauge and physical terms, in particular its non-invariance under the so-called
Stueckelberg transformations. We showed that Stueckelberg dependence is basically
equivalent to background dependence and generalizes the notion of path depen-
dence of non-local gauge-invariant quantities. We also provided an alternative point
of view, where Stueckelberg transformations can be understood as combinations of
active and passive gauge transformations. We argued that measurability requires
gauge invariance but not necessarily Stueckelberg/background/path invariance. The
Stueckelberg/background/path dependence being basically fixed by the factoriza-
tion procedure, we concluded that the Chen et al. and Wakamatsu decompositions
are perfectly acceptable decompositions.
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